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Abstract. The Feynman-Kac formula establishes a connection between stochastic processes and 
partial differential equations (PDEs), providing a novel approach for the numerical solution of PDEs 
by expressing the solution of a PDE as the expected value of a random variable. Moreover, this 
formula can be used to solve for the expected solution of stochastic partial differential equations 
(SPDEs). However, in practical applications, the formula is often constrained by the range of values 
that the random variable can take. When the values of the random variable are too large or too small, 
the numerical stability of the formula is reduced, and it may even become unusable. To address this 
issue, this paper proposes an adaptive algorithm that dynamically adjusts relevant parameters, 
enabling the formula to be applied to a broader range of situations. Furthermore, this adaptive 
algorithm is applied to high-dimensional stochastic partial differential equations, and a neural 
network algorithm is used to fit the expected solution of the SPDE. Experimental results show that, 
compared to traditional polynomial regression methods, this approach demonstrates higher 
precision and stability in high-dimensional problems. The adaptive algorithm proposed in this paper 
provides a novel approach for solving high-dimensional stochastic partial differential equations, with 
significant theoretical and practical value. 
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1. Introduction 

The Feynman-Kac formula is a well-known tool for providing a stochastic representation of the 

pointwise solution to many partial differential equations (such as diffusion equations or transport 

equations) [1-2]. For instance, consider solving a Dirichlet boundary value problem defined in a 

domain nRD , Here, it is assumed that the boundary is sufficiently smooth and satisfies the 

following conditions: 

( )1              fu =−                                  (1) 

The boundary condition is: 

( )2                     ,                    Dxgu =                                 (2) 

Then, for any solution, it can be expressed as [3]: 

( ) ( ) ( ) ( )3                                  
0 



 += 

D

D
dsXfXgxu sx



                         (3) 

Where ( )
0tt

X  is the solution to the stochastic differential equation related to the operator , and

D is the exit time of the process from the physical region D  of the problem. Then the Monte Carlo 

method [4-5] is applied, simulating enough paths using a computer, and compute the corresponding 

values ( ) ( )dsXfXg
D

D s+



0

 for each path. Finally, calculate the average value. 

In simulating each path, to implement this formula on a computer, the paths of the random process

( )
0tt

X  should be discretized. Starting from the position which is sought, the position of the next 
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point will be determined by using the position of the previous point and the stochastic differential 

equation corresponding to the partial differential equation, continuing until reaching the boundary, 

i.e., until the distance to the boundary is sufficiently small. Along each path segment, the integral 

( )dsXf
k

k
s

−



 1

 will be computed by using the right rectangle rule (where the start and end times kk  ,1−  

correspond to this small path segment), and finally, sum the results to obtain the approximate value

( )dsXf
D

s


0
. ( )

D
Xg  is the function value of g at the final point. Based on the above algorithm, the 

expected solution of a stochastic partial differential equation (SPDE) could be obtained. Consider the 

following equation as an example: 

( ) ( )( ) ( ) ( )4            ,,,, DXXfXuXk =−                      (4) 

The physical domain nRD has the boundary condition: 

( )5                  , DXgu =                                 (5) 

 defined on a complete probability space ( )PF ,, , where   is the sample space, F is the σ-

algebra, and P is the probability measure; the diffusion coefficient ( ),Xk  and the source term 

( ),Xf  are given random functions, so the solution ( ),Xu  is also a random function. In general, 

it is quite difficult to directly obtain the solution ( ),Xu  , so its expected solution can be solved. 

Using the Monte Carlo method, random variables are sampled according to their distribution. In this 

case, the stochastic partial differential equation is converted into a deterministic partial differential 

equation, which can be solved using methods (1.1), (1.2) for partial differential equations. After 

taking enough samples of the random variable, compute the average of the obtained results. 

For this problem ( )4.1 , the stochastic process evolution formula ( )
0tt

X  is: 

( ) ( ) ( )6               ,2, tt dWXkdtXkdX  +=                        (6) 

The discretized iterative formula is: 

( ) ( ) ( )7                ,2,1 NtXktXkXX tt ++=+                      (7) 

Let Δt be the time step, and N be an n×1 column vector, where each component is a random 

variable that follows a standard normal distribution, and they are independent of each other. In this 

case, the formula contains random variables. When the values of the random variables are too small, 

the spatial step size ( ) ( ) NtXktXk +  ,2,  also becomes too small, which results in a 

significant increase in computational cost. On the other hand, when the values of the random variables 

are too large, the spatial step size ( ) ( ) NtXktXk +  ,2,  also becomes too large, leading 

to poor path discretization and making the formula unsuitable. To avoid such situations, this paper 

proposes an adaptive algorithm [6-7], which improves the above process and greatly extends the 

applicability of the formula [8-9]. 

The specific principle of this algorithm is to determine the time step size Δt for each simulation 

based on the values of the random variables. This ensures that the step size is appropriately chosen, 

balancing both accuracy and computational efficiency. Based on the simulation results presented 

below, this adaptive algorithm effectively meets the above requirements. Furthermore, this paper 

combines the adaptive algorithm with a neural network model to address high-dimensional SPDEs 

problems [10]. 
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2. Adaptive Step Size Algorithm and Simulation Analysis 

In the execution of the algorithm, the size of the random variable has a significant impact on the 

path discretization results. If the value of the random variable is too large, it will lead to a large step 

size, which significantly increases the numerical error. Conversely, if the value of the random variable 

is too small, it will substantially increase the time required for the algorithm, resulting in a significant 

increase in computational cost. In both cases, the numerical stability of the original algorithm will be 

affected, and it may even become unusable. 

To effectively address this issue, this paper proposes an adaptive step size method. The core idea 

of this method is to dynamically adjust the step size after each random variable is sampled, ensuring 

that the space step size chosen for each simulated path is appropriate, thereby improving both the 

accuracy and computational efficiency of the algorithm. Specifically, the step size selection depends 

on the value of the random variable, with the goal of optimizing computational time while ensuring 

accuracy. The specific selection strategy for the step size is as follows: 

( ) ( ) ( )8                    ,, cdxdyX
y

k
dxdyX

x

k
t

D D
=












+




                      (8) 

Where c is a given constant. The choice of c  can control the speed and accuracy of the algorithm. 

Below is an example of a numerical experiment to solve the partial differential equation: 

( ) ( )( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
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=−

10                                     ,,,,,,
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                        (10) 

Where: 

( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )
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11                                           ,,

222

=

+++−=

=

+=

D

eyxyxAyxAf

eAyxAg

yxAyxAk

xy

xy

                            (11) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

    ( )14                                                      1,01,0

13           1,,

12                                                 ,,

11                                           ,,

222

=

+++−=

=

+=

D

eyxyxAyxAf

eAyxAg

yxAyxAk

xy

xy                              (12) 
( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

    ( )14                                                      1,01,0

13           1,,

12                                                 ,,

11                                           ,,

222

=

+++−=

=

+=

D

eyxyxAyxAf

eAyxAg

yxAyxAk

xy

xy

                     (13) 

( ) ( ) ( )

( ) ( )
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13           1,,
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+=
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eyxyxAyxAf

eAyxAg

yxAyxAk

xy
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The exact solution of the above equation is: 

( ) ( )15                     ,, xyeAyxAu =                              (15) 

To verify the effectiveness of the improved algorithm, compare the original algorithm with the 

improved one and validate the results using the exact solution. To demonstrate the randomness of the 

random variables, firstly, fix the values of random variable A as 100, 1, and 0.01. Table 1 presents 

the numerical results of the original algorithm at the test point (0.5,0.5) (0.5, 0.5) (0.5,0.5), while 

Table 2 shows the numerical results of the improved algorithm. It can be observed that the improved 

algorithm effectively addresses the issues caused by the range of values of the random variable. 

Specifically, when the random variable takes larger values, the improved algorithm maintains higher 

accuracy; when the random variable takes smaller values, the algorithm significantly reduces the 

implementation time, thus effectively decreasing the computational load. 

Next, simulate 5000 instances of the random variable, each time simulating 5000 paths, and 

compare the numerical results of both algorithms for calculating the expected solution (using the 

same test points). As shown in Table 3, the results indicate that the improved adaptive algorithm 

outperforms the original algorithm in both accuracy and efficiency. 

From these experiments, it can conclude that the adaptive algorithm not only resolves the issues 

in the original model but also demonstrates good stability and efficiency in high-dimensional 

problems and when random variables exhibit large fluctuations. The improved algorithm, when 
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handling large-scale computations, can significantly reduce unnecessary computational burdens 

while maintaining high accuracy, providing a new approach for solving high-dimensional stochastic 

partial differential equations. 

Table 1. Numerical analysis results before algorithm improvement 

Comparison Numerical solution Real solution Time (s) 

A=100 -68 128.40 0.026 

A=1 1.2802 1.2840 0.5 

A=0.01 0.001281 0.001284 379 
 

Table 2. Numerical analysis results after algorithm improvement 

Comparison Numerical solution Real solution Time (s) 

A=100 128.22 128.40 0.4 

A=1 1.2842 1.2840 0.4 

A=0.01 0.001286 0.001284 0.4 
 

Table 3. Comparison of time complexity between two methods 

Comparison Numerical solution Real solution Time (s) 

Original algorithm 63.5 64.201 863 

Improvement algorithm 64.307 64.201 200 
 

In summary, the adaptive algorithm proposed in this paper effectively overcomes the limitations 

of the original algorithm. It demonstrates higher accuracy and greater stability when handling high-

dimensional stochastic problems, offering strong theoretical significance and practical application 

value. Experimental results thoroughly validate the advantages of this algorithm, particularly when 

dealing with random variables of varying ranges. The algorithm can flexibly adjust its computational 

strategy, providing a more efficient solution. 

3. Numerical Solution of SPDEs Based on Neural Networks and Adaptive Step 

Size 

Based on algorithmic improvements, this paper further explores the solution of high-dimensional 

stochastic partial differential equations (SPDEs). Following the approach outlined earlier in this paper, 

the solution process involves obtaining numerical results at selected points within the domain and 

fitting these results to derive an approximate solution. However, traditional polynomial regression 

methods become ineffective in high-dimensional cases due to overfitting, the rapid increase in the 

number of basic functions, and their limited ability to handle complex nonlinear relationships. 

To address these challenges, this paper integrates adaptive algorithms with neural networks. 

Neural networks, inspired by biological neural systems, consist of multiple layers, including an input 

layer, hidden layers, and an output layer, with connections weighted between neurons. During training, 

the network adjusts its weights and biases based on large datasets and optimizes the loss function 

through backpropagation, improving predictive accuracy. The dataset is divided into a training set for 

model learning and a test set for evaluating generalization performance. 

To demonstrate the feasibility of this method, present the following numerical experiment: 
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The exact solution to this equation is: 

( ) ( )21           ,

7
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
= =i

iixA

eXu 
                            (21) 

Thus, the expected solution of this equation is: 
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e
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                             (22) 

Next, use the improved algorithm to solve the high-dimensional stochastic partial differential 

equation (SPDE) problem. First, 100,000 points are randomly selected in the physical region D, and 

the adaptive algorithm is applied at each point to obtain the approximate expected solution. Then, 

polynomial regression and neural network methods are used to obtain the regression function or 

model. To evaluate the performance of these two methods, another 100,000 points are randomly 

selected, and the real solution at these points is computed. The numerical solutions obtained from the 

previously fitted regression function or trained model are then compared, and the average relative 

error is calculated. 

The experimental results show that the running time for the neural network method is about 9 

seconds, and the average relative error is 1.36%. 

In the comparison method—polynomial regression, the running time is about 10 seconds, and the 

average relative error is 29.63%. 

From the experimental results, it is evident that the neural network significantly outperforms 

polynomial regression in high-dimensional problems. The neural network provides relatively 

accurate solutions in a shorter time with a small error of only 1.36%. On the other hand, despite 

having a similar runtime, polynomial regression faces difficulties in fitting high-dimensional 

problems, resulting in a larger error of 29.63%. This indicates that as the problem's dimensionality 

increases, traditional polynomial regression struggles to effectively fit the data, while the neural 

network method can handle high-dimensional complex problems more effectively. This experimental 

result fully demonstrates the advantages of neural networks in solving high-dimensional stochastic 

partial differential equations (SPDEs), providing a more precise and efficient solution for high-

dimensional problems. 

To comprehensively evaluate the overall performance of the proposed method, this paper also 

conducts sensitivity and convergence analyses of the parameters. Specifically, focus on analyzing the 

impact of three key parameters in the neural network model: iteration count, learning rate, and the 

number of samples, and how they affect the algorithm's error. 

In this experiment, the model equation used is as follows: 
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The exact solution to this equation is: 
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Thus, the expected solution of this equation is: 
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First, based on the previously described validation method, observed the trend of the average 

relative error as the number of iterations changes, and the results are shown in Figure 1. The horizontal 

axis in the figure represents the number of iterations, while the vertical axis represents the average 

relative error. It can be observed that in the early iterations, the error decreases rapidly, indicating fast 

convergence of the algorithm. However, when the number of iterations exceeds 10, the error stabilizes 

with no significant changes. This suggests that the neural network quickly learns data patterns in the 

initial training phase, but further training yields diminishing improvements. To balance 

computational efficiency and prediction accuracy, it is crucial to select an appropriate number of 

iterations—too few may lead to underfitting, while too many increase computational cost. 
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Figure 1. Mean Square Error of the Equation's Numerical Solution as the Number of Iterations 

Changes 

Next, the variation of the average relative error with respect to the learning rate is analyzed, as 

shown in Figure 2. Figure 2 illustrates the trend of average relative error with respect to the learning 

rate. The results indicate that the optimal learning rate for this model is approximately 0.007. 

 

Figure 2. Mean Square Error of the Numerical Solution as the Number of Samples Increases 

By evenly dividing nodes within different learning rate intervals and conducting experimental 

analysis, the optimal learning rate for the algorithm is ultimately determined to be approximately 

0.007. At this learning rate, the model demonstrates excellent predictive accuracy in experiments 

while avoiding oscillations or instability that may arise from an excessively high learning rate, thereby 

ensuring training stability and convergence. 

Furthermore, we analyzed the variation of the average relative error with respect to the number of 

samples. Experimental results show that as the number of samples increases, the average relative error 

gradually decreases, indicating that a larger sample size helps improve model accuracy. However, the 

growth in sample size also leads to a significant increase in computational costs, necessitating a 
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balance between computational resources and model accuracy in practical applications. By 

comparing experimental results for different sample sizes, it is observed that when the sample size 

reaches 100,000, the error stabilizes and meets accuracy requirements, with further increases yielding 

minimal improvement. Therefore, selecting 100,000 samples as the parameter configuration 

effectively balances computational efficiency and predictive accuracy, enhancing the practical 

feasibility of the algorithm while ensuring an efficient and precise solution process. 

Table 4. Mean Square Error of the Numerical Solution as the Number of Samples Increases 

Samples Average relative error 

2000 0.0184 

10000 0.0158 

50000 0.0142 

100000 0.0136 

200000 0.0129 

500000 0.0113 

1000000 0.0103 

4. Conclusion 

This paper presents an adaptive algorithm for numerically solving the expected solution of 

stochastic partial differential equations (SPDEs) using the Feynman-Kac formula. The proposed 

algorithm successfully addresses several issues arising from the uncertainty of random variables 

while maintaining the accuracy of the results. Furthermore, the improved adaptive algorithm is 

combined with neural network techniques to successfully solve the expected solution of SPDEs in 

high-dimensional cases, ensuring accuracy—something traditional algorithms cannot achieve. 

In practical applications, stochastic partial differential equations are widely used in fields such as 

climate modeling, fluid dynamics, financial modeling, and biology. Especially in high-dimensional 

scenarios, traditional numerical methods often face the "curse of dimensionality" and computational 

complexity issues. The adaptive algorithm proposed in this paper effectively overcomes these 

challenges, enhancing computational efficiency while ensuring accuracy. This makes it particularly 

suitable for describing high-dimensional random processes, such as meteorological variations, 

financial market dynamics, and biological population expansion. By accurately capturing randomness 

in both space and time and combining it with neural networks to further improve computational 

efficiency and solution accuracy, this paper provides a new and efficient tool for the numerical 

solution of high-dimensional stochastic partial differential equations. 
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