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Abstract. Aiming at the computational difficulty of partial differential equations (PDEs) in high-
dimensional problems, this paper proposes a new numerical solution to the uncertainty quantification 
problem based on the Feynman-Kac formula and probability statistics to effectively deal with the 
computational difficulty of traditional methods in high-dimensional problems. The curse of 
dimensionality in the scene and the accuracy limitations in low-dimensional scenes. Specifically, this 
paper innovatively designs a sampling strategy, which improves the representativeness and 
statistical reliability of the sample set by increasing the number of sampling points and reducing the 
number of single-point simulations. At the same time, the polynomial regression model is used to 
replace the traditional interpolation method to avoid the overfitting problem, and the neural network 
is combined to deal with the complexity of high-dimensional nonlinear problems. Numerical 
experiments show that the improved method significantly reduces the error in both low-dimensional 
and high-dimensional cases, and the relative error of the neural network in high-dimensional 
problems is kept below 2%, which is better than the polynomial regression model. This study 
provides new ideas for the numerical solution and uncertainty quantification of high-dimensional 
partial differential equations and demonstrates its significant advantages in low-dimensional high 
precision and high-dimensional high efficiency. 

Keywords: Partial Differential Equations, Feynman-Kac Formula, Numerical Solution, Neural 
Network. 

1. Introduction 

Partial differential equations (PDEs) are equations involving unknown functions of multiple 

independent variables and their partial derivatives, and are widely used in physics, engineering, 

finance and other fields. Most partial differential equations (PDEs) in practical problems usually 

cannot be solved analytically due to their complexity and nonlinear characteristics. Traditional 

numerical methods include finite element method, finite difference method and finite volume method. 

The core of these methods is to transform infinite-dimensional operators into finite-dimensional 

approximation problems through some kind of discretization technology. In the calculation process, 

the calculation area is first discretized into non-overlapping sub-areas, and then local approximation 

is performed on these divided sub-domains to achieve numerical solution of the equation. For 

example, For the boundary value problem of a class of second-order elliptic partial differential 

equations, Wang Tongke et al.[1] A finite element algorithm is proposed, and the optimal order error 

estimation of the finite element approximate solution is given.; Zhang Jihong et al.[2]studied the finite 

difference method for the fourth-order nonlinear partial differential equation, proposed a finite 

difference format based on the difference quotient approximation, and verified the effectiveness and 

high accuracy of the method through numerical experiments; Su[3] proposed a solution to the 

Dirichlet boundary optimal control problem dominated by elliptic partial differential equations on 

complex connected domains using the Fourier finite volume method, and proved its convergence. 

Yang Kaili [4] used the cubic finite volume element method to propose a high-precision numerical 
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format for the one-dimensional convection-diffusion-reaction equation and the Burgers equation and 

verified its effectiveness through numerical examples. 

Although traditional numerical methods have made significant progress, they still face some 

difficult problems in practical applications. On the one hand, Takahashi et al.[5] pointed out that in 

high-dimensional problems, as the dimension increases, the sparsity of the data leads to Traditional 

numerical methods are inefficient and the computational complexity increases dramatically when 

solving high-dimensional partial differential equations (PDEs). On the other hand, in low-

dimensional problems, traditional methods often rely on a lot of computing resources, while random 

simulations are highly dependent on the number and quality of sample paths. This randomness may 

lead to large calculation errors and affect the stability of the results. Sex and reliability. Therefore, 

how to improve the efficiency and accuracy of numerical solutions in high-dimensional and low-

dimensional scenarios has become an important topic in the current research on numerical solutions 

of PDEs. 

To address the above problems, this paper proposes two innovative strategies: First, in the 

application of the traditional Feynman-Kac formula, the solution of PDE usually relies on multiple 

simulations of Brownian motion sample paths. This method has disadvantages in terms of 

computational efficiency and result stability. There are obvious deficiencies in this aspect. Wang 

Jinghui et al.[6] proposed a new numerical solution to the uncertainty quantification problem based 

on the Feynman-Kac formula and probability statistics method. To this end, this paper improves the 

sampling strategy and optimizes the multi-point multiple sampling method to a multi-point single 

sampling method, which improves the computational efficiency and enhances the stability of the 

solution process; secondly, this paper introduces the idea of neural network and uses Based on the 

powerful function approximation ability of neural networks, a numerical method for efficiently 

solving high-dimensional PDEs was designed to effectively alleviate the dimensionality curse 

problem. Peng Jie et al.[7] used an adaptive neural network structure and an improved optimization 

algorithm to significantly improve the efficiency and accuracy of solving nonlinear partial differential 

equations. The simulation experimental results show that compared with the traditional polynomial 

regression model, the method proposed in this paper shows significant advantages in dealing with 

high-dimensional problems and exhibits higher prediction accuracy in numerical error analysis. This 

study provides new ideas for the numerical solution of high-dimensional partial differential equations, 

expands the application scenarios of neural networks in scientific computing, and further promotes 

the research and development in the field of uncertainty quantification. 

2. Theory and Methods 

2.1. Feynman-Kac equation model 

This section discusses the problem of solving partial differential equations based on a probabilistic 

framework, considering the Feynman-Kac equation in partial differential equations. The Laplace 

equation, also known as the harmonic equation, is a type of partial differential equation [8]. Generally 

speaking, for the n-dimensional case, the problem of the Laplace equation can be reduced to solving 

a real function φ  that is second-order differentiable with respect to real independent variables 

x1, x2, ⋯ , xn. This problem is described in the following form: 

∑
∂2φ

∂xi
2

n

i=1

= 0 (1) 

The above equation can often be simplified as: 

∇2φ = 0 (2) 

Or it can be expressed as: 

div gradφ = 0 (3) 
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Where div  represents the divergence of the vector field, the result is a scalar field, grad 

represents the gradient of the scalar field, the result is a vector field, or it can be simplified as: 

∆φ = 0 (4) 

In this equation, ∆ represents the Laplace operator. Then the equation develops into if the right 

side of the Laplace equation is a given function f(xi)(i = 1,2,⋯n), that is: 

{
∆φ = f, x ∈ D
φ = g, x ∈ Γ

(5) 

Then this equation represents the Poisson equation [9]. In it, φis an unknown function, and f and 

g are known functions. D is a bounded region in R2, Γ is the boundary of D, f is a point in the 

bounded region D, and g is a point on the boundaryΓ. The Feynman-Kac formula is a mathematical 

formula that links stochastic differential equations (SDEs) and parabolic partial differential equations 

(PDEs)[10]. By writing the solutions of certain parabolic partial differential equations as conditional 

expectations of random processes, the numerical solutions of such differential equations are 

transformed into paths for simulating random processes. The simulation of the Feynman-Kac formula 

mainly includes the following steps: 

(1) Define a random process Xt, which follows a specific stochastic differential equation (SDE): 

dXt = μ(Xt, t)dt + σ(Xt, t)dWt,   X0 = x (6) 

Among them, μ(Xt, t) is the drift term, σ(Xt, t) is the diffusion term, and Wt is the standard 

Brownian motion. 

(2) Given the PDE: 

∂u

∂t
+ μ(x, t)

∂u

∂x
+

1

2
σ2(x, t)

σ2u

∂x2
− V(x, t)u = f(x, t) (7) 

Satisfy with the boundary conditions: 

u(x, T) = ψ(x) (8) 

Where μ, σ, ψ, V are known functions and T is a given parameter 

(3) Select an initial point x and set X0 = x; 

(4) From time t to T, use numerical methods (such as Euler-Mariano method, Milstein method, 

etc.) to approximate the SDE and generate a discrete time series of the random process Xt; 

(5) For each path, calculate the integral ∫ e−∫ V(Xτ)dτ
s
t f(Xs, s)ds

T

t
 and the boundary condition 

e−∫ V(Xτ)dτ
T
t ψ(XT); 

(6) Repeat steps 3 and 4 multiple times to generate a large number of random paths and phase 

integral values and boundary condition values. 

(7) Take the average of the values of ∫ e−∫ V(Xτ)dτ
s
t f(Xs, s)ds

T

t
+ e−∫ V(Xτ)dτ

T
t ψ(XT) for all 

simulated paths to approximate the expected value. 

Through the Feynman-Kac formula, this paper has the following solution: 

u(x) = Ex [g(XτD
) + ∫ f(Xs)ds

τD

0

] (9) 

Where τD is a random variable, which represents the time when the random process first reaches 

the boundary of region D, and XτD
 is the value of the random process at this time. Xs refers to a 

random process. According to this formula, the solution of the equation is converted into the expected 

operation, so that Monte Carlo simulation can be used to generate samples to solve the numerical 

solution of the partial differential equation [11]. 
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2.2. Solution of Feynman-Kac Problem Based on Polynomial Regression and New Sampling 

Method 

In traditional methods, solving the solution of the equation in the domain of definition usually 

involves the following steps: take N points from the domain of definition as sample points, simulate 

each point a certain number of times, and obtain the simulated value of each point. For each point, 

the traditional sampling method is used, which is characterized by the need to perform multiple 

simulations for each sample point to ensure the accuracy and reliability of the results. Subsequently, 

a global solution model is constructed using the simulation results of these sample points through 

interpolation methods. Specifically, by interpolating the simulated values of each sample point, a 

continuous function that can cover the entire domain of definition is constructed to obtain the exact 

solution to the equation. The specific steps of the interpolation model are as follows: 

(1) This paper uses the Feynman-Kac formula above to randomly select N points, simulate each 

point M times, and obtain a set of data points (xi, yi, u(xi, yi)), which will be used to establish the 

subsequent interpolation model. 

(2) Let the point to be predicted be  (x, y) , and find the two nearest training data points by 

calculating the Euclidean distance from the point (x, y) to each training data point. 

(3) Then perform linear interpolation calculation. First calculate the interpolation coefficient tx 

in the x direction: 

tx =
x − x1

x2 − x1

(10) 

Then calculate the interpolation coefficient ty in the y direction: 

ty =
y − y1

y2 − y1

(11) 

Finally calculate u(x, y): 

u(x, y) = u1 + (u2 − u1) ∗ tx ∗ ty (12) 

In this interpolation model, this paper adopts the traditional point selection method, that is, the 

multi-point multiple sampling method. By randomly selecting multiple initial points, multiple random 

paths are simulated for each initial point. In addition, this paper also establishes a polynomial 

regression model to solve the equation. Specifically, polynomial regression can enhance the fitting 

ability of the model by introducing nonlinear terms, which is suitable for a wide range of data 

distributions. At the same time, it can greatly reduce the dependence on a large number of random 

simulations and effectively improve computational efficiency. In the actual application process, the 

degree of the polynomial and the parameters of the regression equation can be flexibly adjusted 

according to the specific problem requirements and data characteristics to achieve the best prediction 

effect [12]. The specific steps are as follows: 

(1) This paper uses the Feynman-Kac formula above to randomly select N points, simulate each 

point M times, and obtain a set of data points(xi, yi, u(xi, yi)), which will be used for subsequent 

polynomial regression. 

(2) This paper generates polynomial features. By combining the original independent variables 

with different powers, the nonlinear relationship between the independent variables and the dependent 

variables can be captured. 

The matrix representation of the generated feature matrix X is as follows: 

X =

[
 
 
 
1 x1 y1 x1

2 y1
2 ⋯ x1

n y1
n x1

n−1y1 x1y1
n−1

1 x2 y2 x2
2 y2

2 ⋯ x2
n y2

n x2
n−1y2 x2y2

n−1

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
1 xi yi xi

2 yi
2 ⋯ xi

n yi
n xi

n−1yi xiyi
n−1 ]

 
 
 

(13) 
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(3) Estimate the coefficients of the polynomial regression model. In this paper, the polynomial 

regression model is assumed to be: 

u(x, y) = β0 + ∑βix
i

n

i=1

+ ∑βn+jy
j

n

j=1

+ ∑∑βn+n+i+jx
iyj

n−j

j=1

n

i=1

+ ϵ (14) 

Where βiis the estimated coefficient and ϵ is the error term. The coefficient βi is solved by 

minimizing the residual sum of squares, which is expressed as follows: 

∑(u(xi, yi) − û(xi, yi))
2

n

i=1

(15) 

Where n is the number of data points and û(xi, yi) is the model prediction. 

(4) Use the trained polynomial regression model for prediction 

(5) In a given area, use a random number generator to generate 100 points(xi, yi), according to the 

known equation: 

u(x, y) = e2(x+y) (16) 

Calculate the true value of u . At the same time, use the trained polynomial regression equation to 

calculate the predicted value û(xi, yi) for each random point (xi, yi). 

Then calculate the absolute error (AE) of each random point: 

AE = |u(xi, yi) − û(xi, yi)| (17) 

Calculate the relative error (RE) for each point: 

RE =
|u(xi, yi) − û(xi, yi)|

|u(xi, yi)|
(18) 

(6) Calculate the meaning of absolute error (MAE): 

MAE =
1

n
∑ |u(xi, yi) − û(xi, yi)|

10000

i=1

(19) 

Calculate the mean relative error (MRE): 

MRE =
1

n
∑

|u(xi, yi) − û(xi, yi)|

|u(xi, yi)|

10000

i=1

(20) 

While using the polynomial regression method, this paper improves the sampling method. The 

new sampling strategy adopted in this section is to select more data points and simulate each point 

only once. The original small number of sampling points made it difficult to effectively balance the 

randomness of the error. If the error of a certain point is large, due to the limited number of data 

points, the sampling points are not enough to offset the error, resulting in a large deviation in the 

overall estimate. By increasing the number of sample points, the potential space of the PDE solution 

is more comprehensively covered, and the representativeness and statistical reliability of the sample 

set are improved without increasing the burden of a single calculation. 

2.3. Solution of high-dimensional Feynman-Kac problem based on neural network model 

In high-dimensional scenarios, polynomial regression and interpolation models face serious 

dimensionality curse problems. As the dimension of polynomial regression increases, computational 

complexity increases exponentially, the model performance decreases significantly, and the risk of 

overfitting increases, affecting the generalization ability of the model. The interpolation model 

requires a lot of neighborhoods point information to accurately interpolate a point in high-dimensional 



Highlights in Science, Engineering and Technology SDPIT 2025 

Volume 131 (2025)  

 

221 

space. However, due to the sparse data, it is difficult to find enough suitable neighborhood points, 

which reduces the accuracy of the interpolation result. 

In contrast, neural networks can effectively alleviate the problem of the curse of dimensionality to 

a certain extent due to their strong adaptability and ability to learn complex patterns [13]. Through 

multi-layer neuron connections and weight adjustments, neural networks can automatically extract 

key features without the need to manually design complex functions. In high-dimensional space, 

neural networks can capture the intrinsic structure of data and find effective solutions through 

iterative learning and parameter optimization even when faced with sparse data distribution [14]. 

This paper adopts the MLP architecture, aiming to give full play to the advantages of neural 

networks in high-dimensional nonlinear problems and overcome the limitations of traditional 

methods. The specific steps are as follows: 

(1) Based on the Feynman-Kac formula, this paper randomly selects 10,000 points and simulates 

each point once to obtain a set of data points(𝑥1, 𝑥2, . . . , 𝑥𝑛, 𝑢(𝑥1, 𝑥2, . . . , 𝑥𝑛)),These data points will 

be used for subsequent neural network training. 

(2) This paper generates an n-dimensional input feature matrix X. Each input feature corresponds 

to a dimension in the n-dimensional space, and the feature matrix is in the form of 

 𝑋 =

[
 
 
 
 𝑥1

(1)
𝑥2

(1)
⋯ 𝑥𝑛

(1)

𝑥1
(2)

𝑥2
(2)

⋯ 𝑥𝑛
(2)

⋮ ⋮ ⋱ ⋮

𝑥1
(𝑁)

𝑥2
(𝑁)

⋯ 𝑥𝑛
(𝑁)

]
 
 
 
 

                            (21) 

In order to capture the nonlinear relationship between independent variables and dependent 

variables, this paper also performed feature engineering to generate an extended feature matrix 

including square terms and interaction terms. 

(3) This paper defines a neural network model, where the input layer contains n neurons, the hidden 

layer consists of two layers with 8 neurons, and the output layer contains one neuron. Through 

weighted summation and ReLU activation function, the neural network can effectively extract the 

features of the input data.  

(4) Use the trained neural network model for prediction. In this paper, 100 points 

(𝑥1
(𝑖)

, 𝑥2
(𝑖)

, . . . , 𝑥𝑛
(𝑖)

) are randomly generated in a given n-dimensional region, and calculate the true 

value 𝑢(𝑥1
(𝑖), 𝑥2

(𝑖), ⋯ , 𝑥𝑛
(𝑖))  based on the known equation. At the same time, the trained neural 

network model is used to calculate the predicted value 𝑢̂(𝑥1
(𝑖), 𝑥2

(𝑖), ⋯ , 𝑥𝑛
(𝑖)) for each random point. 

(5) In the model evaluation stage, this paper calculates the mean absolute error (MAE) and mean 

relative error (MRE) to measure the prediction performance of the model. 

In this way, neural networks can not only reduce reliance on a large number of random simulations 

but also improve computational efficiency and predictive accuracy. 

3. Numerical Analysis 

3.1. Comparative analysis of errors of new sampling methods  

In this section, a two-dimensional model example is given. Specifically, the domain is given 𝐷 =
[0,1]2, The boundary conditions are: 

𝑢 = 𝑔 (22) 

The 𝑔 function is given as: 

𝑔(𝑥, 𝑦) = 𝑒2(𝑥+𝑦) (23) 

The 𝑓 function is: 
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𝑓(𝑥, 𝑦) = −4𝑒(𝑥+𝑦) (24) 

The expression of the 𝑢 function is: 

𝑢(𝑥, 𝑦) = 𝐸𝑥,𝑦 [𝑔(𝑋𝑇𝐷) + ∫ 𝑓(𝑋𝑠)𝑑𝑠

𝑇𝐷

0

] = 𝑒2(𝑥+𝑦) (25) 

In order to reflect the rationality of the sampling method, the polynomial regression model under 

the multi-point single sampling method and the multi-point multiple sampling method is compared. 

Specifically, combined with the above example, the polynomial regression solution method based on 

the new sampling strategy is used to solve the Feynman-Kac formula. The sampling methods are:N =
5, M = 5000 and N=25000, M=1, Where N is the number of simulation points, and M is the 

number of simulations for each point. The time step is 0.001. The prediction results under different 

sampling methods are shown in Figure 1 below. When the sampling method is N=25000, M=1, and 

the time step is 0.001, the average absolute error of 10,000 new prediction points is 0.1161, and the 

average relative error is 1.2937%. When the sampling method is N = 5, M = 5000, and the time 

step is 0.001, the average absolute error of 10,000 new prediction points is 0.9106, and the average 

relative error is 7.2143%. For the comparison of the average relative errors of two different sampling 

methods in the two-dimensional polynomial regression model, it can be seen that the multi-point 

single sampling method has a better effect. When the multi-point single sampling method is used, 

although the error of a single point is uncertain, the large number of data points makes these random 

errors offset and balance each other as a whole. As a result, the overall average error tends to a 

relatively stable value; when the multi-point multiple sampling method is used, the small number of 

sampling points makes it difficult to effectively balance the randomness of the error. Moreover, due 

to the large number of simulations for each point, excessive attention may be paid to the local 

characteristics of individual points, while the overall distribution of the data is ignored. 

      

Fig. 1 Two-dimensional polynomial regression model fitting diagram (left) N = 25000,M = 1, 

(right) N = 5,M = 5000) 

Next, under the same sampling method, the interpolation model and the polynomial regression 

model are used to predict 10,000 points. By comparing the average relative errors of the two models, 

it can be seen that the average relative error of the polynomial regression model is significantly 

smaller than the average relative error obtained by the interpolation model. The straight line fitted by 

the interpolation model needs to pass through every sample point, and this feature makes it very easy 

to overfit. The polynomial regression model can capture the potential trends and patterns in the data, 

not just through the data points, and has better generalization ability. 
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Tab. 1 Prediction Error Analysis of Difference Model and Polynomial Model 

 Mean absolute error Mean relative error 

Interpolation Model 3.7465 48.1600% 

Polynomial regression model 0.9106 7.2143% 

3.2. Comparative Analysis of Errors in Numerical Solutions of High-Dimensional PDE 

Taking the four-dimensional case as an example, the domain D = [0,1]4 is a four-dimensional 

unit hypercube, which contains all points that satisfy 0 ≤ 𝑥1, 𝑥2, 𝑥3, 𝑥4 ≤ 1. In order to verify the 

accuracy of the numerical solution, the analytical solution is selected as 

𝑢(𝑥1, 𝑥2, 𝑥3, 𝑥4) = exp (
𝑥1 + 𝑥2 + 𝑥3 + 𝑥4

4
) (26) 

From this, the source term function is 

𝑓(𝑥1, 𝑥2, 𝑥3, 𝑥4) = −
1

8
exp (

𝑥1 + 𝑥2 + 𝑥3 + 𝑥4

4
) (27) 

The boundary conditions are given directly by the analytic solution: 

𝑔(𝑥1, 𝑥2, 𝑥3, 𝑥4) = 𝑢(𝑥1, 𝑥2, 𝑥3, 𝑥4) = exp (
𝑥1 + 𝑥2 + 𝑥3 + 𝑥4

4
) , (𝑥1, 𝑥2, 𝑥3, 𝑥4) ∈ ∂𝐿 (28) 

Simulations of Brownian motion are used to compute numerical solutions to the Poisson equation. 

Initial positions (𝑥1, 𝑥2, 𝑥3, 𝑥4) ∈ [0,1]4 are randomly generated with a time step 𝑑𝑡 = 0.001. The 

Brownian motion path is simulated until the Brownian motion first leaves the domain of definition 

𝐷  and the path integral ∫  
𝜏𝐷

0
𝑓(𝑋𝑠)𝑑𝑠  and the boundary value 𝑔(𝑋𝜏𝐷

) . In this paper, a four-

dimensional neural network model is used for fitting, where 𝑑𝑡 = 0.001  and the number of 

simulations is 10,000. The experimental results show that the average absolute error of the proposed 

method is 0.0081 and the average relative error is 0.4877%. The visualization results are shown in 

Figure 2 below. 

Figure 2 illustrates the error distribution of a multidimensional dataset by fixing the value of one 

dimension and analyzing the characteristics of the error distribution among the other dimensions. 

Each subplot fixes one dimension 𝑤0, 𝑧0, 𝑦0 or 𝑥0, respectively, and shows the error distributions 

of the remaining three dimensions in the form of a 3D scatter plot. Color bars are used to indicate the 

magnitude of the error, where blue indicates a smaller error and red indicates a larger error. The small 

errors for most of the data points indicate that the model predicts more accurately in most regions. 

 

Fig. 2 Visualization of 4D neural network fitting 
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Figure 3 (left) illustrates the cumulative distribution function (CDF) of the relative errors of the 

model predictions. The horizontal axis represents the relative error, which is calculated as the absolute 

difference between the predicted value and the true value divided by the true value; the vertical axis 

represents the cumulative proportion of samples with relative errors less than or equal to a certain 

value. It is clear from the figure that most of the samples have small relative errors. About 80% of 

the samples have relative errors less than 0.02, and close to 95% of the samples have relative errors 

less than 0.04. This indicates that the model has a high accuracy in most predictions, with errors 

concentrated in a small range. 

In addition, in order to compare the results of the neural network and the polynomial, the 

polynomial is used to fit the model again in this paper. The four-dimensional polynomial regression 

model is taken with time step 𝑑𝑡 = 0.001 and 10,000 simulations, and the calculations show an 

average absolute error of: 0.2007 and an average relative error of: 12.7402%. The visualization results 

are shown in Figure 3 (right) below. From the cumulative distribution of the polynomial regression 

relative errors, it can be seen that about 50% of the samples have a relative error lower than 10.70%, 

and 90% of the samples have a relative error lower than 27.49%, and it can be clearly seen that the 

polynomial relative error will be significantly higher than that of the neural network model in the 

four-dimensional case. 

   

Fig. 3 Four-dimensional neural network relative error accumulation distribution (left) and four-

dimensional polynomial regression relative error accumulation (right) 

Next, in this paper, the number of dimensions is increased from one to seven and the two methods 

of polynomial regression and neural network are compared to solve the PDE, and the specific results 

are shown in Fig. 4 above. From Fig. 4, it can be seen that polynomial regression shows an increasing 

trend with the increase of dimension, while the relative errors of the neural network model from one 

to seven dimensions are kept below 2%. It can be concluded that when the dimension is greater than 

two, the training effect of the neural network is significantly better than the polynomial regression 

model. 

 

Fig. 4 Comparison of 1–7-dimensional polynomial regression and neural network error results 
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This paper will then perform a convergence analysis of the numerical solution methods. 

Specifically, this paper uses the control variable method to investigate the convergence of the 

polynomial regression modeling algorithm and the neural network algorithm. For the polynomial 

regression algorithm, the effects of time step, number of simulations and polynomial order on the 

global solution error are examined separately. 

First, the time step is fixed at 0.01, the number of simulations is 1000, and the polynomial order is 

2nd order, and the effect of its change on the global solution error is observed by adjusting the time 

step, and the results are shown in Table 2 and Fig. below. As can be seen from the graphs, both the 

mean absolute error (MAE) and the mean relative error (MRE) decrease significantly as the time step 

dt decreases. This indicates that smaller time steps help to improve the accuracy of the simulation. 

Tab. 2 Numerical analysis of the effect of time step variation on error 

Time step Mean absolute error Average relative error (percent) 

0.1 6.8738 69.4657% 

0.05 2.9193 30.4342% 

0.01 0.3941 5.4666% 

0.005 0.2908 2.8324% 

0.001 0.1411 1.8606% 

0.0005 0.1208 1.4759% 

0.0001 0.1295 1.5987% 

0.00005 0.1193 1.6472% 

0.00001 0.1036 1.3511% 
 

 

Fig. 5 Relationship between simulation times and mean absolute error and mean relative error 

Tab. 3 Numerical analysis of the effect of simulation times on error 

Number of simulations Mean absolute error Average relative error (percent) 

10 1.3830 18.1588% 

100 0.3514 5.4485% 

1000 0.1411 1.8606% 

10000 0.0538 0.6639% 

100000 0.0062 0.5060% 

1000000 0.0048 0.3903% 

 

Secondly, keeping the time step and polynomial order constant, the number of simulations is 

gradually increased to evaluate the effect of the number of simulations on the error, and the results 
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are shown in Table 3 and Fig. 6 below. From the above graphs, it can be seen that when the number 

of simulations is small, the error is relatively high, the average absolute error and the average relative 

error are further reduced, and the simulation results are gradually close to the real values. 

 

Fig. 6 Relationship between simulation times and absolute error and mean relative error 

Subsequently, by fixing the time step size and the number of simulations while varying the 

polynomial degree, we analyze the fluctuations in the global solution error at different degrees, as 

presented in Table 4 and Figure 7. From the figures, it can be observed that as the polynomial degree 

increases, both the mean absolute error and the mean relative error initially rise and then stabilize. 

This indicates that with the increase in model complexity, the model may fit the training data better; 

however, the generalization capability does not necessarily improve. 

Tab. 4 Numerical analysis of the influence of polynomial order variation on error 

Degree Mean absolute error Average relative error (percent) 

1 0.0076 0.6357% 

2 0.0538 0.6639% 

3 0.1478 1.6771% 

4 0.1578 2.1173% 

5 0.1605 1.8657% 

6 0.1733 2.4298% 

7 0.1912 2.3857% 
 

 

Fig. 7 Polynomial order variation and mean absolute error and mean relative error sum 
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Finally, this section will study the factors that affect the convergence behavior of neural networks, 

including learning rate and iteration times. By analyzing these factors, this paper aims to provide 

insight into how they affect the training process and the overall efficiency of the model. In this study, 

in order to systematically evaluate the effect of learning rate on the performance of the model, a series 

of learning rate values are generated using the method of linear interval. 50 learning rates are 

uniformly generated from 0.1 to 0.0001. If other parameters remain unchanged, this paper will 

evaluate the training results of the model under each learning rate and analyze its impact on the 

average relative error to determine the best learning rate setting. 

 

Fig. 8 Relationship between learning rate and relative error 

As can be seen from Figure 8, there is a significant negative correlation between learning rate and 

average relative error. At a small learning rate (e.g. 10⁻⁴), the error is about 10%; As the learning rate 

increases to 10⁻³, the error decreases rapidly and tends to be stable, indicating that properly increasing 

the learning rate can significantly improve the model accuracy, but the effect of excessively 

increasing the learning rate decreases. 

 

Fig. 9 Relationship between number of iterations and relative error 

To evaluate the effect of the number of iterations on model performance, we generate 20 iterations 

every 5 times in a range of 1 to 100, keeping other parameters constant. By evaluating the training 

results of the model under each iteration, the influence of the model on the average relative error was 
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analyzed, and the optimal iteration number was determined. As can be seen from Figure 9, there is a 

significant negative correlation between the number of iterations and the average relative error. In the 

initial stage (the number of iterations is less than 20), the average relative error quickly drops from 

about 70% to less than 10%, showing the high learning efficiency of the model. After more than 60 

times, the average relative error stabilizes at about 2%. 

4. Conclusions and Prospect 

In this paper, we propose a Monte Carlo simulation method based on the Feynman-Kac 

formulation combined with polynomial regression and neural network techniques for uncertainty 

quantization problems in the numerical solution of partial differential equations (PDEs). To address 

the dimensional catastrophe and computational challenges of high-dimensional problems, the 

improved sampling strategy enhances the statistical reliability of the samples, polynomial regression 

reduces overfitting in low-dimensional problems, and neural networks mitigate the dimensional 

catastrophe in high-dimensional problems. Numerical experiments show that the method significantly 

reduces errors in both low and high dimensional cases, achieves the balance between efficiency and 

accuracy, and has higher computational efficiency and generalization ability compared with the 

traditional interpolation method, which provides a new idea for numerical solution of PDE. 

Despite the remarkable results, the demand for computational resources remains a challenge in 

high-dimensional problems. In the future, more efficient deep learning architectures or distributed 

computing techniques can be introduced to reduce the computational resource requirements and 

improve the high-dimensional applicability. Meanwhile, the method can be extended to more 

complex PDE types and boundary conditions and combined with adaptive sampling or reinforcement 

learning techniques to optimize the sampling efficiency of high-dimensional sparse data. 
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